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Abstract. Identification

1 Formulation of Identification Problem

Discussing the role of experimental mechanics in an increasing computational capabil-
ities Knauss (2000) emphasized that now it is possible to extract physical information
from more involved experiments that previously. In this direction during the last decade
investigations for developing a new technique for material identification, the so-called
mixed numerical-experimental technique, have started. Employing this technique a lam-
inate stiffness properties have been investigated by Pedersen; Soares et al.; Grediac and
Vautrin; Sol et al.; Frederiksen (1989; 1993; 1993; 1993; 1997a).

The determination of stiffness parameters for complex materials such as fiber rein-
forced composites is much more complicated than for isotropic materials since composites
are anisotropic and non-homogeneous. Conventional methods for determining stiffness
parameters of the composite materials are based on direct measurements of strain fields,
i.e., using information at a point of solid only. Boundary effects, sample size dependen-
cies and difficulties in obtaining homogeneous stress and strain fields are some of the
most serious problems. As a result of this, indirect methods using mainly a field informa-
tion have recently received increasing attention. One such indirect method is based on
measurements of the structure response and application of the numerical-experimental
identification technique.

Mixed numerical-experimental methods are sensitive for model errors because the
numerical model is always based on a series of hypotheses. If the real structure does
not satisfy one or more of these hypotheses, the model of the structure is evidently
not appropriate. Since the development of mixed numerical-experimental techniques for
material identification is aimed at obtaining a practical method which yields quick and
reliable results, much research has been done in order to minimize these model errors
(see, e. g., Soares et al.; Frederiksen (1993; 1997b)).

In the meantime many different approaches were produced for identification of the
physical parameters directly characterizing structural behavior (i.e. Young’s modulus and
density of the material). Bolognini et al. (1993) has performed appropriate comparison
between actual eigenfrequencies of an existing structure and those obtained through the
finite element analysis. It led to the identification of parameters which can be used for
the model calibration as well as for the detection of damaged zones in the structure.

Numerical-experimental identification methods are mainly used in structural appli-
cations. For example, Soares et al. (1993) has identified elastic properties of laminated
composites employing experimental eigenfrequencies. The stiffness parameters were iden-
tified from the measured natural frequencies of the laminated composite plate by direct



minimization of the identification functional. Similar approach was used by Frederiksen
(1997a). For identification of elastic constants of the laminate Frederiksen (1997b) has
employed an improved plate model. De Visscher et al. (1997) has shown that the mixed
numerical-experimental method can be used for identification of damping properties of
polymeric composites. Influence of modelling and measurement errors on parameter es-
timation was discussed in some papers (Frederiksen; Frederiksen (1997b; 1998)).

In the following the numerical-experimental method for the identification of mechan-
ical properties of laminated polymeric composites from the experimental results of the
structure response is described. The difference between conventional approach discussed
by Soares et al. (1993) and the present approach is that instead of direct minimization
of identification functional the experiment design is used, by which response surfaces
of the functional to be minimized are obtained. The response surface approximations
are obtained employing the information on the behavior of a structure in the sample
points of the experiment design. Note that the finite element modeling of the structure
is performed only in the sample points. The functional to be minimized describes the
difference between the measured and numerically calculated parameters of the response
of structure. By minimizing the functional the identification parameters are obtained.

The application of Response Surface Method (RSM) to design optimization and iden-
tification is aimed at reducing the cost of expensive analysis methods, e. g., finite element
method. The main advantage of the present method is a significant reduction of the com-
putational efforts. Previously the design of experiments and RSM was used for solution
of the optimum design problems by Barthelemy and Haftka; Rikards; Rikards and Chate
(1993; 1993; 1995). The response surface approach in different modifications was em-
ployed by many authors, e.g., Roux et al.; Toropov et al. (1998; 1998) and others. A
review of optimization in relationship to experiment design was presented by Haftka et
al. (1998).

The numerical-experimental method employed in the present study consists of the
following stages. In the first stage the physical experiments are performed. Also the pa-
rameters to be identified, the domain of interest and criterion containing experimental
data are selected. In the second stage the finite element method is used in order to model
the response of the structure and calculations are performed in a sample points of the
domain of interest. The sample points are determined by using a method of experiment
design. In the third stage the numerical data obtained by the finite element solution in
the sample points are employed in order to determine approximating functions (response
surfaces) for a calculation of the structure response. In the fourth stage, using the ap-
proximating functions and experimentally measured values of the structural response, the
identification of the material properties is performed. For this a corresponding functional
is minimized employing methods of non-linear programming.

1.1 Parameters of Identification

Further it will be shown how the numerical-experimental approach is employed for iden-
tification of the elastic properties of laminated composite plates. It is assumed that the
plate dimensions (see Fig. 1), plate mass, the layer angles βi and the layer stacking se-
quence are known. Directions of material axes of a single layer are denoted 1-2-3, where



1 is the fiber direction and 2, 3 are the transverse directions (see Fig. 2). The unidirec-
tional layer is assumed to be a homogeneous and transversely isotropic with respect to
the fiber direction material. The goal is to identify the elastic properties of a single layer
by measuring the response of laminated plate. For this a theory of composite laminates
should be used. Modelling of laminates and laminated composite plates is outlined in
textbooks (see, e.g., Jones; Altenbach et al.; Reddy (1975; 1996; 1996)).
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Figure 1. Geometry of laminated plate.

The parameters to be identified are five elastic constants of the single layer of the
laminate: E1, E2, G12, G23, ν12. The laminated plate is modelled by the plate theory in-
cluding transverse shear, rotatory inertia and extension of the normal line proposed by
Rikards and Chate (1997). In this case the constitutive equation of the single layer of
laminate in the symmetry axes of material is as follows
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Here σij is a stress tensor, εij (i, j = 1, 2, 3) is a strain tensor of the layer and Akl

(k, l = 1, 2, ..., 6) is the elastic stiffnesses, which for the 3D stress state can be expressed
through five elastic constants of the layer (see, e.g., Altenbach et al. (1996)). In the case
of plane stress state these relations are as follows

A11 =
E1

1− ν12E2/E1
, A22 =

E2

1− ν12E2/E1
, A12 =

ν12E2

1− ν12E2/E1
,
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Figure 2. Single layer of laminated plate.

A44 = G23, A66 = G12 (2)

Note that for transversely isotropic material A22 = A33, A12 = A13, A55 = A66 and
A44 = 1/2(A22 −A23).

Laminated plates investigated here is of moderate thickness. For such plates influ-
ence of extension of the normal line on eigenfrequencies is negligible. Sufficient accuracy
can be achieved employing a Mindlin’s plate theory accounting for the transverse shear
deformations only. However, for the Mindlin’s plate theory in the constitutive equation
(1) instead of stiffnesses Aij a reduced stiffnesses Qij are used (see, e.g., Altenbach et
al.; Reddy (1996; 1996)). In this case the reduced stiffnesses Qij are a non-linear functions
of Aij . The constitutive equation in form (1) is chosen to preserve linear dependence of
the stiffness matrix of plate on parameters Aij .

The plate is composed of unidirectionally reinforced layers. In general, the ith layer
of the laminated plate can be oriented at an arbitrary angle βi. The angles of the layers
are assumed to be fixed. For example, the cross-ply laminate consists of the layers with
angles βi = 00 and βi = 900.

The vector of parameters x to be identified can be chosen in a different ways. Compo-
nents of this vector could be elastic engineering constants E1, E2, G12, G23, ν12 or elastic
stiffnesses Aij . The major problem in parameter estimation is ill-conditioning caused
by unknown variables having substantially different order of magnitude. Sometimes the
Young’s modulus and Poisson’s ratio can not be directly selected as components of vec-
tor x without proper scaling. The scaling by longitudinal modulus E1 was employed by
Frederiksen (1997c) and in addition a fixed scaling factor was chosen. Hence, all unknown
parameters were measured on compatible scales. Similar scaling and reparametrisation
was employed by Soares et al. (1993), where additional scaling by the first experimental
frequency allows to reduce the number of unknown variables from five to four. Thus, ma-



terial parameters of the single layer can be expressed in terms of dimensionless variables
αi

α2 = 4− 4
(
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E1

)
,
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(
G12
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where

α0 = 1− ν2
12

E2

E1
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The inverse relations of Eq. (3) are as follows
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The variables αi are chosen to be on compatible scales. The first set of identification
variables is defined by these dimensionless quantities αi. The vector x to be identified is
given by

x = [x1, x2, x3, x4] = [α2, α3, α4, α5] (6)

Additional scaling parameter C was introduced using the first experimental frequency
in order to eliminate one variable (see Soares et al. (1993)). Let the experimental angular
eigenfrequencies be designated by ω̄1, ω̄2, . . . , ω̄I , where I is the number of measured
eigenfrequencies f̄i(ω̄i = 2πf̄i). The corresponding numerical (predicted) eigenfrequencies
fi (ωi = 2πfi) for the set of material parameters αi are represented by ω1, ω2, . . . , ωI .
Let us consider the scaling parameter C which is chosen according to the relation (see
Soares et al. (1993))

C =
ω̄2

1

ω2
1(E

0
1)

(7)

where ω1 is the first numerical eigenfrequency calculated with the prior selected longitu-
dinal Young’s modulus E0

1 of the layer.
The second set of identification variables is defined by the stiffnesses Aij . In this case

the vector x is given by

x = [x1, x2, x3, x4, x5] = [A11, A22, A12, A44, A66] (8)



These parameters practically are to be on compatible scales. However, in order to obtain
the engineering constants from Aij in addition a system of three non-linear equations (2)
should be solved.

Depending on minimization algorithm (see below) as components of the vector of
identification variables can be directly chosen also the engineering elastic constants. This
is a third set of identification variables x given by

x = [x1, x2, x3, x4, x5] = [E1, E2, G12, G23, ν12] (9)

The elastic constants can be evaluated through the identification procedure using the
experimental eigenfrequencies of the laminated composite rectangular plate of constant
thickness h, length a and width b (see Fig. 1). Identification procedure can be formulated
using either the vector of unknown variables (refeq4), (refeq4a) or (refeq4b). The selection
depends on approximation method and minimization algorithm employed in identification
(see below).

1.2 Identification functional

Firstly, the formulation of identification problem is given for the case if the vector of
unknown variables is defined by Eq. (6).

The functional to be minimized describes deviation between the measured ω̄i and
numerically calculated ωi(x) frequencies (see Soares et al. (1993))

Φ(x) =
I∑

i=2

wi
(ω̄2

i − C[ωi(x)]2)2

ω̄4
i

=
I∑

i=2

wie
2
i (10)

Here ei is relative discrepancy or residual and wi are weights for identification functional
using the first set of variables. It is possible of assigning non-negative weights to each
residual. For simplicity, only unity values are used hereafter. The estimation can be based
on any set of frequencies by assigning weights of zeros and ones as appropriate.

The identification of the elastic constants x is performed on the basis of information
obtained from the measurements of the I lowest frequencies. Note that the first frequency
is not directly used for identification since this frequency was used for the scaling (see
Eq. (7)). The identification problem is formulated as follows.

min
x
Φ(x) (11)

Subject to constrains

g1(x) = 4− α2 > 0 or
E2

E1
> 0 (12)

g2(x) =
8− α2 − 3α3 − α4
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4
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√
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αmin
i ≤ αi ≤ αmax

i , i = 2, 3, 4, 5 (16)

The upper αmax
i and the lower αmin

i bounds on the identification parameters can be
chosen using preliminary information about the composite material. Constraints (12)-
(15) denote conditions of a positive definiteness of the elasticity matrix.

In the second formulation of the identification problem the functional to be minimized
is as follows

Φ(x) =
I∑

i=1

w
(2)
i

(ω̄2
i − ωi(x)2)2

ω̄4
i

=
I∑

i=1

wie
2
i (17)

Here wi are weights and λix) = ωi(x)2 is an eigenvalue of the equation describing
vibrations of the plate (see below). For this functional the second (refeq4a) or the third
(refeq4b) set of variables x can be used. Again constrains for the upper and lower bounds
on elastic constants are used and in addition constraints for positive definiteness of the
elasticity matrix are employed

g1(x) = A11 > 0, g2(x) = A22 > 0,
g3(x) = A11A22 −A2

12 > 0,
g4(x) = A44 > 0, g5(x) = A66 > 0 (18)

The functionals (10) and (17) have been employed for identification by Rikards et
al. (2001), where instead of original functions the approximating functions were used for
each frequency. Thus, in this formulation the approximations were performed for each
frequency or eigenvalue. Employing the same functional (17) procedure of identification
can be modified so, that approximation is performed not for each frequency but for the
functional Φ(x). Thus, the function to be minimized is as follows

Φ(xj) =


 I∑

i=1

wi

(
(2πf exp

i )2 − λi(xj)

(2πf exp
i )2

)2



m

= Φj (19)

Here λi(xj) is calculated by FEM ith eigenvalue in a sample point xj = (Ej
1, E

j
2, G

j
13, G

j
23, ν

j
12)

of a 5-dimensional space of identification parameters, j is number of sample point (see
below) of experiment design (j = 1, 2, ...N), N is a total number of sample points (num-
ber of runs) in experiment design, m = 1, 1/2, 1/4 or 1/8. The number m is chosen
to improve quality of approximation. The best results were obtained (see below) with
m=1/2 and 1.



The objective functions (10),(17), (19) are relating to the error in natural frequencies.
Such functions mostly are used for identification. However, sometimes, for example, in
damage identification the frequencies are not enough sensitive to detect localization of
the damage zones. In this case the vibration mode shapes as well as the mode curvatures
can be used for identification. Thus, the mode shape error function Φ1 can be defined as
follows

Φ1(x) =
I∑

i=1

wi [φ
exp
i − φi(x)]

T [φexp
i − φi(x)] (20)

Here φexp
i is experimentally measured mode shape and φi(x) is numerical mode shape.

Such error function was used by Chakraborty and Mukhopadhyay (2000), where only a
subset of deflection mode shape displacements was considered.

1.3 Experimental frequencies

Here two types of laminated composite plates are considered - a cross-ply glass/epoxy
plates and unidirectionally reinforced carbon/epoxy plates.

The glass/epoxy cross-ply laminated plates consisting of 8 unidirectional layers with
a layer stacking sequence [90/0/90/0]s were tested. A geometric dimensions and density
of plates are presented in Table 1. The eigenfrequencies of the test plates were measured
by a real-time television (TV) holography. The samples were hung upon two threads in
order to simulate free-free boundary conditions. The sample was located in front of the
holographic testing device. A piezoelectric resonator (in the following called ”sensor”)
was glued in one corner to excite the sample plate with increasing frequency. The sensor
is of circular shape with a diameter 25 mm located at the coordinates x = a− 12.5 mm
and y = b − 12.5 mm (see Fig. 5). Mass of the sensor is ms= 3.5 g. Other details of
experiment was described in Rikards et al. (2001).

Table 1. Parameters of cross-ply laminated glass/epoxy plates.

Sample a, m b, m h, mm ρ, kg/m3

PU10 0.1401 0.1401 2.011 1850
PU11 0.1401 0.1401 1.981 1850

Experiments were performed for both plates considered (see Table 1) and about 20
flexural eigenfrequencies were measured. The mode shapes also were recognized in the
experiment. In Table 2 the experimental plate flexural frequencies are presented. The
quantity n denotes the number of nodal lines parallel to x direction and m denotes
the number of nodal lines parallel to y direction (see Fig. 1). The mode shapes (nodal
lines) for the plate PU10 are presented in Fig. 3. Note that in Fig. 3 x is horizontal
axis and y is vertical axis. These mode shapes were recognized in the experiment and
most of them were used in identification. However prior to experiment the mode shapes



Figure 3. Vibration modes (m, n) of cross-ply laminated plate PU10.

were calculated by the finite element method using the initial guess values of the elastic
constants. Such calculations is necessary in order to recognize all frequencies in the range
and corresponding mode shapes. In calculations of the present mode shapes the mass of
sensor was not taken into account. Calculating the plate with sensor the frequencies are
slightly different and the mode shapes are similar but no more symmetric. Note that
in the identification procedure each experimental frequency should be related to the
numerical frequency having the same mode shape.

Carbon/epoxy unidirectinally reinforced plates. Similar experiments have been
performed on unidirectional carbon/epoxy laminated plates (see Fig 4). Again plates
were tested for vibrations in order to measure eigenfrequencies and corresponding modes.
Experiments were performed with free-free boundary conditions on all edges of the plate
in order to exclude influence of boundary conditions to the results of identification.

At all seven carbon/epoxy plates were tested. Fiber volume content of the car-
bon/epoxy laminate was about 60%. Nominal thickness of the plates was h = 2 mm
(16 layer plates with a layer stacking sequence [08]s) and h = 6 mm (48 layer plates
with a layer stacking sequence [024]s). The thick plates (h = 6 mm) were investigated in
order to identify more accurate a transverse shear modulus. Geometric dimensions of all
specimens are presented in Table 3.



Table 2. Experimental frequencies f̄exp
i [Hz] of glass/epoxy plates.

Mode Mode shape Specimens
i m, n PU10 PU11

1 1, 1 166 159
2 2, 0 341 332
3 0, 2 – –
4 2, 1 484 464
5 1, 2 542 529
6 2, 2 902 869
7 3, 0 971 938
8 3, 1 1090 1050
9 0, 3 1155 1143
10 1, 3 1273 1240
11 3, 2 1523 1470
12 2, 3 1643 –
13 4, 0 1898 1838
14 4, 1 2003 1940
15 3, 3 2290 2180
16 0, 4 – –
17 4, 2 2418 2338
18 1, 4 – –
19 2, 4 2733 2665
20 4, 3 – –
21 5, 0 3108 3023
22 5, 1 3233 3135
23 3, 4 – –
24 5, 2 3605 –

Table 3. Geometric dimensions and density of carbon/epoxy plates.

Plate No. a, mm b, mm h, mm ρ, kg/mm3

ud1 207.5 207.5 2.000 1535
ud2 205 205 2.000 1562
ud3 205 205 1.969 1598
ud4 205 210 1.998 1533
ud5 205 205 1.960 1589
ud6 205 212.5 6.081 1472
ud7 202.5 200 6.126 1576

Experimental eigenfrequencies and eigenmodes of carbon/epoxy unidirectionally re-
inforced plates are presented in Table 4. Since all frequencies experimentally were not
observed, frequencies are ranged according to the finite element solution employing the
initial guess values of elastic constants obtained from the static tests. In the second col-
umn corresponding vibration modes (n,m) are given, where n is number of nodal lines
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Figure 4. Unidirectionally reinforced carbon/epoxy plate.

parallel to x axis and m is number of nodal lines parallel to y axis. Note that axis x is
in the fiber direction and axis y is in the transverse direction. It is seen that in the ex-
periment all frequencies were not observed. For example, for the plate UD1 in the range
of first 18 numerical frequencies only 12 experimental frequencies were measured.

Table 4. Experimental frequencies f̄exp
i [Hz] of carbon/epoxy plates.

No. n, m UD1 UD2 UD3 UD4 UD5 UD6 UD7

1 1, 1 97 97.6 98.2 97.5 98 299.5 299
2 2, 0 123.8 123.4 126 125 127 377 377.5
3 2, 1 237.4 245 237 236 238 721 720.5
4 3, 0 341 342 345.6 344 350 1047 1046
5 3, 1 458 – 457 457.5 458 1396 1388
6 0, 2 502.6 501 498 497 496 1520.5 1512
7 1, 2 541.2 538 536.5 537.5 533 1636.5 1630.5
8 2, 2 653 653 654 650 649 1968 1959
9 4, 0 – – – 682.5 – 2051 –
10 4, 1 – – 780 784 – 2360 –
11 3, 2 – 866 863 866 858 2580 2569
12 5, 0 – 1124.5 1125 1124.5 – – 3370
13 4, 2 1168 – – – – – –
14 5, 1 – – 1242 – – – –
15 0, 3 1381 – 1368.5 1365.5 1355 4042 4032.5
16 1, 3 1413 – 1401.6 1402.5 1391 4145 4141
17 2, 3 1512 – 1506.5 1504 1487 4410 4386
18 5, 2 – 1589 – – – – –



Experimental frequencies presented in Tables 3 and 4 will be used in identification
of elastic constants for a single layer of the cross-ply glass/epoxy plates and for the
unidirectionally reinforced carbon/epoxy plates (see below).

1.4 Finite element model

The eigenvalue problem for harmonic vibrations of the plate can be represented by

K(x)u = λ(x)Mu (21)

Here K(x) is the stiffness matrix of the plate, M is the mass matrix, u is the displacement
vector and λ(x) = ω2(x) is eigenvalue. Note that circular frequency ω = 2πf , where f is
eigenfrequency. The eigenvalue relation (21) for the mode u1 which corresponds to the
first experimental eigenfrequency ωexp

1 = ω̄1 can be written in an equivalent form placing
E1 in evidence

E1K
∗u1 = ω̄2

1Mu1 (22)

Here E1K
∗ = K is the stiffness matrix. Taking into account relation (7) this equation

can be written as

CE0
1K∗u1 = Cω2

1Mu1 (23)

hence

E1 = CE0
1 (24)

where E0
1 is the initial guess value given to the Young’s modulus in the fiber direction

of the layer and E1 is the corresponding identified mechanical property. After evalua-
tion of the optimum value of x for the first set of identification variables the remaining
mechanical properties are calculated by inverse relations (5).

For the second or third set of identification variables x the same eigenvalue equation
(21) has been solved. The only difference is that other reference points of experiment
design (see below) are selected since in this case the dimension of the design space is five.
Hence numerical frequencies are predicted in other points of the design space as in the
case of using the first set of design variables, for which the dimension of the design space
is four.

The eigenvalue problem (21) was solved by using subspace iteration technique (see
Bathe (1982)) and a triangular finite element of laminated thick plate with a shear
correction (see Rikards and Chate (1997)). In order to avoid ’shear locking’ a selective
integration technique was applied. A 22 × 22 regular mesh (968 finite elements) was
considered in order to achieve appropriate accuracy for at least 20 first eigenvalues of
the laminated plate with FFFF (all edges free) boundary conditions. The finite element
mesh of the plate is shown in Fig. 5. In calculations of predicted frequencies ω(x) for
the cross-ply glass epoxy plates the mass of sensor should be taken into account. For the
carbon/epoxy plates other experimental technique has been used without sensor. In this
case there is no additional mass on the plate.
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Figure 5. Finite element mesh.

1.5 Experiment Design and Approximation

Important for identification is the problem of minimization of identification functionals
(10), (17) or (19). Here the method of experiment design and response surface method
is used to solve the minimization problem.

In order to reduce computational efforts firstly the methods based on approximation
concepts have been used in structural optimization (see, e.g., Barthelemy and Haftka
(1993)). The development of approximation functions has become a separate problem in
optimum structural design, which was discussed by Toropov (1989). The approximating
models can be built in different ways. Empirical model building theory was developed
by Box and Draper (1987). To construct a more general model of the original function
the method of experiment design (Audze and Eglais; Haftka et al. (1977; 1998)) together
with approximate model building (Eglais; Meyer et al.; Khuri and Cornell (1981; 1995;
1996)) can be employed. A simplified model, called metamodel, is built using results of a
numerical experiment in a sample points of experiment design. Response analysis using
the simplified model is computationally much less expensive than solution employing the
original model. Although there is a wide literature about experiment design and building
of approximating functions it should be noted that there are some special features present
in experiment design but not present in the physical experiment. Below some problems
of experiment design are discussed.

There are two cases of building the approximating functions. The first situation is that
deterministic computer simulation is presented only. Such case was discussed in inves-
tigations related to solution of structural optimization problems (see, e.g., Barthelemy
and Haftka; Toropov (1993; 1989)). Deterministic computer simulation was employed



also to build the approximating functions for solution of identification problems (Rikards
et al.; Rikards et al. (1999; 2001)). However, in identification problems also a physical
experiment is presented. In the previous investigations (Rikards et al.; Rikards et al.
(1999; 2001)) a physical experiment was not used to build the approximating functions.
Then the experimental values was employed only for identification purposes. However,
it is possible to combine data from both computer and physical experiments. This is a
second situation, in which both the data from computer experiments as well as from re-
lated physical experiments for the same factor and related response variables have been
employed. Traditional statistical approaches consider each of these sets of data (com-
puter and physical experimental data) separately with corresponding separate analyses
and fitted statistical models. However, it is possible simultaneously analyze the combined
data using, for example, hierarchical Bayesian integrated modeling approach. Simultane-
ous analysis of such combined data permits the unknown coefficients in response surface
model to be more precisely estimated, thereby producing a better fitting response sur-
face. Although the problem of identification discussed in the present paper belongs to the
combined data set, here the approximating functions are built employing the combined
data set as well as the deterministic computer simulation.

Computer models are often used to perform experiments before expensive physical
experiments are performed. The main features of deterministic computer simulation are
as follows.

– The results obtained in the numerical experiment are deterministic without a sta-
tistical error. Repetition of the results is 100%. It means that there is no statistical
dispersion of the model parameters. However, computer models produce numerical
noise as a result of the incomplete convergence of iterative processes, round-off errors,
and the discrete representation of continuous physical phenomena, when different
number of calculation steps or a different finite element grid being generated (see,
e.g., Giunta et al. (1994)). In deterministic computer experiments, replication at a
sample point is meaningless; therefore, the points should be chosen to fill the design
space.

– Mathematical model of the object is unknown, i.e. the form of the regression equation
is not known. Therefore, the well-known criteria for experiment design optimality, for
example, D-optimality, cannot be used. Such criteria can be used only in the case,
when the form of regression equation is known.

There is wide literature about different methods of experiment design. Among the
methods specially can be emphasized the space filling designs. The first space filling de-
sign for computer experiment was proposed by Audze and Eglais (1977). Here firstly the
designs in which the number of levels for each variable is equal to the total number of
runs were proposed. Eglais has firstly used also the space filling criterion for such designs
based on function similar to potential energy of gravity. Later the same kind of exper-
imental designs was proposed as a Monte Carlo integration technique by McKay et al.
(1979) and the name Latin hypercube samplings was introduced. Numerous space filling
experimental designs have been developed in an effort to provide more efficient and effec-
tive means for sampling deterministic computer experiments based on Latin hypercubes.
Later a lot of space filling criteria for Latin hypercube designs was proposed by many



authors: Maximin Latin hypercubes by Johnson et al. (1990), Minimal Integrated Mean
Squared Error designs by Sacks et al. (1989), Orthogonal array-based Latin hypercube
designs by Tang (1993), Orthogonal Latin hypercubes by Ye (1998), Integrated Mean
Squared Error (IMSE) optimal Latin hypercubes by Park (1994).

The approach of experiment design and approximation proposed by Eglais can give
good results for the problems based on numerical experiment (Audze and Eglais; Eglais
(1977; 1981)). This approach based on global approximation was employed for solution of
identification problems (Rikards et al.; Rikards et al. (1999; 2001)). However, sometimes
the results of the approximation are not satisfactory. It will be shown below that the
accuracy of solution can be improved by using a minimal Mean Square Distance (MSD)
design and a local approximation method to solve similar identification problem.

In the last years the so-called non-parametric approximation methods becoming
widely used for the design and analysis of computer experiments: local polynomial ap-
proximation (Cleveland and Devlin; Koehler and Owen (1988; 1996)) and Kriging (Sacks
et al. (1989)). Finally, other statistical techniques such as Multivariate Adaptive Regres-
sion Splines (Frederiksen (1998)) and Radial Basis Functions (Hardy; Dyn et al.; Powell
(1971; 1986; 1987)) are beginning to draw the attention of many researchers. However,
these methods are computationally expensive not only for metamodel building, but also
for using of metamodels for prediction.

The stages of solution of identification problem considered here are as follows.

– Development of finite element model to perform deterministic computer experiments.
– Formulation of identification functional and selection of variables to be identified.
– Performing the physical experiment.
– Elaboration of experiment designs to determine a sample points in which determin-

istic computer simulation is performed.
– Deterministic computer simulation in the sample points of experiment design.
– Building the approximating function (global or local approximations) employing the

data set of deterministic computer experiment (alternative - employing a combined
data set of numerical and physical experimental data).

– Minimization of functional.
– Verification and validation of results.

1.6 Latin Hypercube Designs

In previous section different experiment designs used for the model building were re-
viewed. The choice of the design of experiments can have a large influence on the accu-
racy of the approximation and the cost of constructing the response surface. In order to
solve the present identification problem two types of experiment designs are employed -
the Latin Hypercube Design (LHD) and the Minimal Mean Squared Distance (MMSD)
design.

Latin Hypercube Design proposed by Audze and Eglais (1977) and McKay et al.
(1979) can be viewed as an N -dimensional extension of Latin square design. The main
feature of LHD is that on each level of every design variable only one point is placed.
There are the same number of levels as runs (number of points of experiment or number



of sample points). McKay et al. (1979) has proposed that levels are assigned randomly
to runs. Other criterion was proposed by Audze and Eglais (1977). Here this criterion
will be explained in details.

Audze and Eglais (1977) proposed a non-conventional criterion for elaboration of
experiment designs which is not dependent on the mathematical model (approximating
functions) of the problem under consideration. The input data for the elaboration of
the plan include only the number of variables N (number of factors) and the number of
experiments K. The main principles in this approach are as follows.

1. The number of levels of factors (same for each factor) is equal to the number of
experiments and for each level there is only one experiment. This is similar to LHD
proposed by McKay et al. (1979).

2. The sample points (points of experiment) are distributed as regular as possible in
the domain of variables.

To realize the second principle it is suggested to use a criterion

Ψ =
K−1∑
i=1

K∑
j=i+1

1
L2

ij

⇒ min (25)

where Lij is a distance between the reference points having numbers i and j (i �= j). The
criterion (25) is a physical analogy of the minimum of potential energy of repulsive forces
for a set of points of unit mass, if the magnitude of these repulsive forces is inversely
proportional to the distance Lij cubed between the points. Note that the force can be
obtained as derivative of the potential energy.

The problem of minimizing the criterion (25) together with the first principle leads
to a non-linear programming problem. Solving the non-linear programming problem the
experiment designs (plans) can be determined for different number of the design variables
N and different number of sample points K (runs).

The elaboration of the plans is time consuming, so each plan of experiment is elabo-
rated only once and stored in a matrix characterized by the level of factors for each of K
experiments. For example, for a number of factors (design variables) N = 2 and K = 9
the matrix is given by

BT =
[
7 1 2 5 4 9 6 8 3
2 6 3 5 1 4 9 7 8

]
(26)

The corresponding plan of experiments is shown in Fig. 6. The domain of interest (domain
of variables) is determined as xj ∈ [xmin

j , xmax
j ], where xmin

j and xmax
j are respectively

the lower and the upper bounds on the design variables. Thus, in this domain the sam-
ple points, where the numerical experiments must be performed, are calculated by the
expression

x
(i)
j = xmin

j +
1

K − 1
(xmax

j − xmin
j )(Bij − 1) (27)

Here i = 1, 2, ...,K and j = 1, 2, ..., N . Since the matrices Bij of the experiment design are
universal, they may be used for the various identification or optimum design problems.
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Figure 6. Eglais’ design for N = 2 and K = 9

Figure 7. View of Eglais’ design in plane 1-2 for N = 5, K = 36 and Γ = 3322.

Problem of identification of elastic constants (five variables) was solved employing
Eglais’ experimental designs. A 36-point 5-dimensional experiment design is shown in
Fig. 7.

Eglais’ designs can be evalueted also by other criterions. Such criterions can be cho-
sen evaluating possible error of approximation. Knowing that in approximation it will be
necessary to obtain the values of interpolated function in the points of the s-dimensional
grid, it is essential that points of initial experiment are distributed so, that locally ap-



proximated values will be as accurate as possible. By performing approximation with the
second order polynomials, the error of interpolation is increasing proportionally to the
product of distance between the points used in interpolation, if the points are distributed
close enough. In the neighborhood of the grid point, there are only few points of the real
experiment (usually only one to two points). Therefore, the quality of experiment de-
sign is characterized by a sum of the distance between all grid points and the closest
experimental point raised to the power of four

Γ =
NF∑
i=1

∆4
i (28)

where ∆i is the distance between the grid point zi and the closest experimental point,
NF = Ms, s = N is number of input variables, M is number of equidistant points for
each input variable, for example, this value can be chosen M = 7. Using the criterion
(28) the Eglais’ designs can be evaluated. For example, for the 36-point design presented
in Fig. 7 Γ = 3322.

Minimizing the criterion (28) new designs can be elaborated. The minimum of cri-
terion without constraints can be easily found by employing the Newton’s method. In
Fig. 8 one projection of the 36-point five-dimensional experiment design is shown (the
value of the cost function Γ = 1739 is the best that was found for this design). In Fig. 9
the experiment design optimized according to the criterion (28) is shown using as initial
estimate the Eglais’ design. It can be seen that the improvement is negligible in com-
parison with the original Eglais’ design presented in Fig. 7. By distributing the levels of
experiment regularly in the interval [-1,+1], but not requiring that extreme levels should
be exactly at -1 and +1, a slightly better value of cost function Γ = 3271 was obtained.
So, the Latin hypercube designs can be evaluated employing different criterions - Eqs.
(25), (28) or others.

Figure 8. View of 5-dimensional 36-point design (28) in plane 1-2 with Γ = 1739.



Figure 9. View of 5-dimensional 36-point Latin hypercube design optimized according (28) in
plane 1-2 with Γ = 3318.

1.7 Minimal Mean Squared Distance Design

For the computer experiment a Minimal Mean Squared Distance (MMSD) experimen-
tal designs can be successfully employed. These designs were proposed by Auzins and
Janushevskis (2002). The MMSD designs are space filling designs, which gives minimal
Mean Squared Distance (MSD) between points in design space R and nearest point from
experimental design D

MSD =

√√√√( 1
n

) n∑
v=1

min
u=1,...,N

[
m∑

i=1

(wiv − xiu)
2

]
(29)

where wv is a large sample from the points in design space R (v = 1, ..., n). Hereafter
about 1000000 equidistant mesh points for low dimensions (m = 2, 3) are employed and
a 100000 Latin hypercube sample for large-scale designs (m > 3) are used. These designs
give points uniformly distributed in design space and tend to minimize the expected
mean squared error of local quadratic approximation Auzins and Janushevskis (2002).
Fang and Wang (1994) introduced similar criterion, named Mean Squared Error. In
(Auzins and Janushevskis (2002)) a quick search algorithm for minimization of MSD
criterion for Latin hypercube designs in the unit cube [−1, 1]m as well as for designs with
unconstrained level values and numbers in unit cubes or m-dimensional spherical regions
was proposed.

For illustration of MSD design search algorithm a 6-point experimental design in
two dimensions is shown in Fig. 10. A 33 × 33 regular grid with 1089 equidistant mesh
points are employed. The functional (29) is minimized in the following steps. In the
first step a sample points is distributed randomly in the design space. Then each mesh



point is related to the closest sample point. In Fig. 10 the grid points related to the
same sample point are marked with the same color. Further for the grid points with the
”same color” the criterion (29) is minimized. Then again each mesh point is related to
the closest sample point and iteration is continued. In about 5-6 iterations the optimum
distribution of sample points is found. In Fig. 10 the distribution of sample points after
four iterations is shown. The final (optimum) distribution is shown in Fig. 11.

Figure 10. Iteration procedure for 6-point two dimensional MSD design.

For the purpose of comparing with other designs throughout this paper distances and
others characteristics of experimental designs are computed after designs are scaled into
the unit cube [0, 1]m although the designs are mostly constructed in m-dimensional cube
[−1, 1]m. For comparing with other space filling designs four additional criterions have
been used.

1. The Eglais’ criterion (Audze and Eglais (1977)), later proposed also by Morris and
Mitchell (1995) in more general form

Φ2 =




K−1∑
u=1

K∑
v=u+1

1
m∑

i=1

(xiu − xiv)
2




1/2

(30)



Figure 11. Optimum according criterion (29) 6-point two dimensional MSD design.

2. The MINDIST criterion, which seeks to maximize the minimum distance between
any pair of points in the data collection plan (see Johnson et al. (1990))

MINDIST = min
u,v=1,...,N

m∑
i=1

(xiu − xiv)
2 (31)

3. The entropy criterion, first proposed by Shewry and Wynn (1987) and then adopted
by Currin et al. (1991). The entropy criterion for designs in unit cube [0, 1]m is
equivalent to the minimization of − log |C|, where C is the N ×N covariance matrix
of the design with elements

cij = exp

{
−Θ

m∑
k=1

|xki − xkj |q
}
, 0 < q ≤ 2 (32)

where i, j = 1, , N . Throughout this paper the value q = 2 is selected so, that the
correlation between two points is a function of their Euclidean distance L2, and Θ is
set equal to 2.

4. The discrepancy criterion (Palmer and Tsui (2001)), which averages the squared
difference in the cumulative density function

(DC)
2 =

(
13
12

)m

− 2
N

N∑
u=1

m∏
i=1

[
1 + 0.5 |xiu − 0.5| − 0.5 |xiu − 0.5|2

]

+
1
N2

N∑
u=1

N∑
v=1

m∏
i=1

[1 + 0.5 |xiu − 0.5|+ 0.5 |xiv − 0.5| − 0.5 |xiu − xiv|]
(33)

Experimental designs have been compared by using these different criterions. Table 5
shows comparison of three 16-run designs of 7 variables for five criterions. The MMSDLH
means Minimal MSD Latin Hypercube design, the ULH means Uniform Design Based



Table 5. Comparison of 16 sample point designs for 7 variables.

Design MSD Φ2 MINDIST Entropy DC

MMSDLH 0.3942 9.5196 0.8869 0.2900 0.2464
ULH 0.4006 9.5449 0.8353 0.3123 0.2289
MBLH 0.3947 9.5281 0.8000 0.3147 0.2468

on centered L2 discrepancy Un(ns) (see Fang et al. (1999)) and MBLH is a Minimum
Bias Latin hypercube design (see Palmer and Tsui (2001)).

The MMSDLH plan performs better than the others according to all five criterions.
For the problem of identification of elastic constants of carbon/epoxy plates formulated
above the MMSDLH type design with 101 runs and 5 factors is employed. For this design
the values of criterions are as follows: MSD=0.2051, Φ2 = 89.0740, MINDIST=0.3808,
Entropy=69.7806, DC = 0.0453.

1.8 Global approximations

The next step after design of experiment is model building. As it was mentioned above
the response surface methodology (RSM) is a collection of mathematical and statistical
techniques for empirical model building. Originally, RSM was developed to model exper-
imental responses, and then migrated into the modelling of numerical experiments. The
difference is in type of error generated by the response. In physical experiments inac-
curacy can be due, for example, to measurement errors, while in computer experiments
numerical noise is a result of incomplete convergence of iterative processes, round-off
errors or the discrete representation of of continuous physical phenomena.

Mainly simulation is performed by a computer analysis code. The basic approach is to
construct approximations of the analysis codes to get the functional relationship between
x and y. Here x is design variables (inputs) and y is response (output). If the true nature
of a computer analysis code (original function) is represented as

y = f(x) (34)

then the approximation or metamodel (”model of the model”) of the original function is
taken to be

ŷ = g(x), y = ŷ + ε (35)

where ε represents both the error of approximation and measurement or random errors.
Above we have discussed how to choose efficient set of sample points (x1, x2, ..., xn).
Having this information the regression analysis can be performed to create global or
local approximations. These approximations then can replace the existing computer code
(original function).

Example of Response Surface. Let us consider approximation of the second eigen-
frequency f2 of the plate UD7. The design variables were defined by Eq. (9)

x = [x1, x2, x3, x4, x5] = [E1, E2, G12, G23, ν12] (36)



Employing the MMSDLH type 101-point design in five dimensional space the eigen-
frequencies according Eq. (21) were calculated by FEM using own programme. These
eigenfrequencies obtained by the software code is original function. Calculations were
performed in a sample points of experiment design. These sample points are distributed
in the domain of interest, which is formed by lower and upper limits of variables

xmin
i ≤ xi ≤ xmax

i (37)

The second eigenfrequency f2 (original function) is a function of all five design variables
and approximating function f̂2 is given by

f2 = f̂2(x1, x2, x3, x4, x5) + ε (38)

where ε represents the error of approximation of the original function f2. The surface
represented by f̂2(x1, x2, x3, x4, x5) is called a response surface.

The response surface can be represented graphically. In Fig. 12 a three-dimensional
response surface is presented as function of two (transverse shear modulus G23 and
Poisson’s ratio ν12) of five design variables.

380.5

380.6

380.7

380.8

380.9

0.25

0.30

0.35

0.40

0.45

6.0e+9

8.0e+9

1.0e+10

1.2e+10

1.4e+10

f 2
,
H

z

G23, GPa

ν12

Figure 12. Three-dimensional response surface for second eigenfrequency of plate UD7.

The response surface can be represented graphically also as contour plot that help
visualize the shape of the response surface. Contours are curves of constant response



drawn in the xi, xj plane keeping all other variables fixed. Each contour corresponds to
a particular height of the response surface as shown in Fig. 13, where the contour plot
of Eq. (17) is presented.
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Figure 13. Contour plot of the discrepancy functional (17).

Generally, the structure of the relationship between the response and the independent
variables is unknown. The first step in RSM is to find a suitable approximation to the true
relationship. The most common forms are low-order polynomials (first or second-order).

The existing methods of regression analysis are based on the principle that the equa-
tion form is a priori known and the problem is to find coefficients (the so called tuning
parameters) of the equation. However, in most cases the form of the equation also must
be determined. Such a method was proposed by Eglais (1981) and he developed also
the programme RESINT. This code was employed for obtaining the response surfaces for
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Figure 14. Three-dimensional response surface for discrepancy functional (17).

the structural optimization problems (Rikards; Rikards and Chate (1993; 1995)). Further
this method is briefly outlined.

Building a Model by Software Code RESINT. Let us consider a method, in which a
form of the regression equation is unknown. There are two requirements for the regression
equation - accuracy and reliability. Accuracy is characterized by a minimum of standard
deviation. Increasing the number of terms in the regression equation (response surface)
could improve accuracy, moreover, it is possible to obtain a complete agreement between
the experimental data and values given by the equation of regression. But in this case
the prediction can be very poor at the other points of the domain of interest. Reliability
of the regression equation means that accuracy for the reference points and any other
point in the domain of interest is approximately the same. Obviously, if the number
of terms of the regression equation decreases, the reliability of the model increases. A
compromise between accuracy and reliability of the model must be found. To realize these
principles different approaches have been proposed. For example, Toropov et al. (1998)
has proposed the algorithm where the approximating function was built using genetic



programming. The quality of approximation was measured by the fitness function and
special coefficient penalizing the excessive length of the expression was introduced.

In the code RESINT the selection of the ’best’ regression equation (response sur-
face) in the subregion defined by the lower and upper bounds on the design variables
is performed by the following procedure. The response surface is built by using data
obtained by computer simulation in all points of experiment design. First, consider the
approximating function (model) of the following form

ŷ(x) =
m∑

i=1

Aiφi(x) (39)

where Ai are unknown coefficients (tuning parameters) and φi(x) are the functions
that constitute the model. These functions are built from the set of simple functions
ϕ1, ϕ2, . . . , ϕR. The functions ϕr (r = 1, 2, . . . , R) are assumed to be in the form

ϕr(x) =
n∏

j=1

x
αrj

j (40)

where n is the number of variables and αrj are positive or negative including zero in-
tegers. The form of the approximating function (39) is determined in two steps. First,
the perspective functions φi(x) are selected by using the least-squares estimation. Then
a step-by-step reduction procedure of the number of terms in the model is applied and
further reduction of the selected functions is performed. In each step a new set of tuning
parameters Ai is obtained. Details of this procedure and corresponding program RESINT
were described by Eglais (1981) and also by Rikards (1993). The reduction procedure for
one numerical example will be shown below in order to obtain the approximating function
for the second eigenvalue of the equation (21) describing the vibrations of the cross-ply
laminated plate (see Fig. 15). Note that there is no general rules for the procedure of
reduction of terms in the model (response surface function) and it is necessary to acquire
some experience to obtain appropriate function.

The approach outlined above is one possible method of global approximation. Other
commonly used approximation method employed hereafter is fitting the response surfaces
by polynomial functions.

1.9 Local Approximations and Minimization

The functionals Φ (Eqs. (10), (17) or (19)) can minimized employing a local approxima-
tion

Φ̂(x) = β0 +
5∑

i=1

βixi +
5∑

i=1

5∑
k=i

βikxixk (41)

Here the lower index is used for the component of variable xi (i = 1, 2, .., 5), but upper
index (see expression (17)) is employed to indicate the number of sample point in the



experiment design (j = 1, 2, ...N). In approximation (41) the coefficients are calculated
by

β = argmin
β

∑
j∈NX

w(x− xj)



Φj − β0 −

5∑
i=1

βixji −
5∑

i=1

5∑
k=i

βikxjixjk

Φj




2

(42)

where β0,βi, βik are coefficients of the local quadratic approximation, NX is a set of num-
bers of the closest neighbors of the point x. Practically all points of experiment design
are employed: NX = (1, 2, ..., N). In (42) w(x − xj) = exp(−G ‖x− xj‖2) is Gaussian
weighting coefficient for the local approximation, ‖x− xj‖ is Euclidean distance between
x and xj , G is coefficient of Gaussian function. Usually it was taken G = 0.75. If G = 0,
then a conventional least squares method is obtained (without weighting coefficients and
without division by Φj in (42)). Unlike to parametric quadratic approximation commonly
used in response surface method the minimization of approximating function is more dif-
ficult. Generally, any method of non-linear programming can be used. However, using the
derivatives is not appropriate because the approximating function cannot be to smooth
enough and may have a lot of local extremes. Two methods are employed in order to
obtain a global minimum of locally approximated function of interest.

The first method is iterations. A randomly selected point in design space is a starting
point. Then in this point the local approximation is performed and according (42) coeffi-
cients β are found. Then the minimum point of the approximating function is calculated
with a fixed values of coefficients β. This is a simple problem, which needs to solve the
system of five linear algebraic equations. Then in this new point a local approximation
is built and the search is continued. One should be convinced that the true minimum
is found. In the favorable case, when the process converges (and converges to the same
point from the all starting points), there is high probability that the actual minimum was
found. From the experience it can be concluded that in this case the physical parameters
of plate are correctly identified. Unfortunately two alternative cases are found to be more
common. In the first case the process can converge to the point outside of the region for
which the experimental design was planned. Then a center of the experimental design
(for FEM calculations) should be moved or the bounds should be shifted. The limits of
the domain of interest can be shifted since there are no critical constraints for variables.
In the worst case, when the iterative procedure diverges or gives a lot of local extremes,
the second method is used - a direct search (Auzins et al. (1999)). About 100000 points
from the randomly selected Latin hypercube type sample are tested and the best point is
selected. Then the search domain is reduced around this point and new random search is
performed while acceptable accuracy of extreme values is obtained. This is computation-
ally more expensive way than iterative search, because one calculation of approximating
function needs to solve the system of 21 linear equations (Cholesky decomposition method
has been used). All process of minimization of functional (19) requires about one to two
minutes of calculation time on a Pentium 800 MHz processor, but compared with the
time of the FEM simulation this time is negligible. After the minimum of approximat-
ing function of interest is found, some confirmation Na points near the optimum values
should be calculated to verify the accuracy of identification. These points can be used as



additional points and optimization may be repeated employing N +Na design points to
improve the accuracy of solution.

1.10 Results and Verification

Elastic constants for Cross-Play Plate. Let us consider the procedure of identifica-
tion for the cross-ply glass/epoxy composite plates. A Latin hypercube (LHD) experiment
design with four variables (N = 4) and 35 sample points (K = 35) was selected for the
first set of variables Eq. (6). The LHD experiment design with five variables (N = 5)
and 36 reference points (K = 36) was selected for the second set of variables Eq. (8).The
upper and lower bounds (domain of interest) of the elastic constants for the first set of
variables were taken as follows

5 GPa ≤ E2 ≤ 20 GPa,
3 GPa ≤ G12 ≤ 9 GPa,
3 GPa ≤ G23 ≤ 14 GPa,
0.2 ≤ ν12 ≤ 0.4

(43)

The upper and lower bounds of the elastic modulus E1 for the second set of variables
were selected by

33 GPa ≤ E1 ≤ 43 GPa, (44)

Constraints for other elastic constants were taken the same Eq. (43) as for the first set
of variables.

For the first set of variables Eq. (6) the lower and upper bounds were recalculated
by Eq. (3). For the second set of variables Eq. (8) the lower and upper bounds were
recalculated by Eq. (2). By using the matrix Bij of the experiment design (N = 4 and
K = 35 for the first set of variables, N = 5 and K = 36 for the second set of variables)
in the expression (27) the values of x were calculated for all reference points. Employing
the values of parameter x in the reference points and the initial guess value E0

1 = 35 GPa
the first 20 natural frequencies in all K points were calculated. Similar calculations were
performed also for the second set of variables x.

The finite element mesh of the plate was shown in Fig. 5. It should be noted that
there is some originality in calculation of the mass matrix M in equation (21). In order
to represent more accurate an inertia forces of the plate, the mass of sensor ms should be
taken into account. In the finite element modelling it is assumed that the finite elements
where the sensor is located (see Fig. 5) have the same thickness h as the plate, but for
these finite elements an equivalent density ρeqv is calculated

ρeqv = ρ+
ms

Fsh

Here Fs is the area of the sensor.
The data of numerical simulations were used to build the response surfaces (39). For

this the RESINT program (Eglais; Rikards (1981; 1993)) was employed. For the first set
of variables approximating functions were obtained for frequencies. These functions were



used in the functional (10). For the second set of variables approximating functions were
obtained for the eigenvalues. These functions were used in the functional (17).

For the second set of variables x as example two approximating functions (first and
second eigenvalue) are given below

λ1(x) = 0.127 · 107 + 0.602 · 106z5 + 0.155 · 105z2,
λ2(x) = 0.456 · 107 + 0.126 · 107z2 + 0.362 · 106z1 −

0.304 · 106z3 + 0.240 · 105z5 −
0.133 · 106z23 + 0.443 · 105z1z3

(45)

Here normalized variables are introduced

z1 = −8.21 + 0.21 · 10−9A11,

z2 = −1.61 + 0.12 · 10−9A22,

z3 = −1.46 + 0.31 · 10−9A12,

z4 = −1.55 + 0.18 · 10−9A44,

z5 = −2.00 + 0.33 · 10−9A66 (46)

Correlation c of approximating functions with the FEM data for the first eigenvalue is
c = 0.979 and for the second eigenvalue c = 0.991. Similar expressions were obtained for
other eigenvalues. Note that transverse shear modulus is presented only in approximations
for the higher eigenvalues, i.e., for the modes 9, 10 and 13. Influence of the transverse
shear deformations on the first frequencies is small and therefore this variable is not
presented in the all approximating functions.

The approximating functions were obtained using the step-by-step elimination proce-
dure. The diagram of reduction of terms building the function for the second eigenvalue
is shown in Fig. 15. It is seen that the first break in diagram corresponds to the regres-
sion equation with seven terms. At eliminating the seventh term the correlation with
the data of numerical experiment decreases much more in comparison with the previous
step. Eliminating further this term an accuracy of approximation can be lost. Thus, for
the second eigenvalue the approximating function is selected with seven terms. It should
be noted that polynomial terms were not selected a priori. These terms were obtained
in the process of building the model and selected as the best regressors.

Depending on approximations in the identification different number of experimental
eigenfrequencies were used. Thus, for the plate PU10 using the first set of variables in
identification procedure the vector of weights (see Eq. (10)) is chosen as follows

w = [0 1 0 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 0 0 0 0 0]

Note, that using in identification the first set of variables the first experimental frequency
is taken into account indirectly, i. e., in the scaling (see Eq. (7)) but not directly in the
functional Eq. (10). Thus, in this case at all 14 experimental frequencies are employed in
identification.

For the same plate PU10 using the second set of variables in identification procedure
the vector of weights (see Eq. (17)) was set different

w = [1 1 0 1 1 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0]
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Figure 15. Diagram of term reduction for the function λ2(x)

Thus, using for identification the second set of variables only seven experimental frequen-
cies are employed. Such difference is due to different approximating functions. Here only
the approximating functions with correlation c > 0.90 are employed.

For the plate PU11 using the first set of variables in identification procedure the
vector of weights is as follows

w = [0 1 0 1 1 1 0 1 1 1 1 0 1 1 0 0 0 0 1 0 0 0 0 0]

In this case at all 12 experimental frequencies are employed in identification. For the
same plate PU11 using the second set of variables in identification procedure the vector
of weights is given by

w = [1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 0 0 0 1 0 0 0 0 0]

In this case for identification only eight experimental frequencies are employed.
Minimization of the functional (10) or (17) subject to constrains was performed by

the random search method (Rikards (1993)). For the second set of variables in addition
a system of three non-linear equations (2) was solved. Results of identification of the
layer stiffness properties for the two plates considered (PU10 and PU11) are presented in
Table 6. Here in the columns noted by 1 and 2 the results obtained using in identification
the first and second set of variables are presented.

It is seen that in-plane Young’s moduli E1 and E2 and shear modulus G12 obtained
by using different set of variables are in good agreement. Larger differences is for the
Poisson’s ratio ν12. The reason is that influence of Poisson’s ratio on frequencies is consid-
erably smaller and in this case accuracy of approximation is not sufficient. The transverse
shear modulus G23 is overestimated. The transverse shear modulus can not be reliable
determined from the measured frequencies since the plates were too thin (h/a = 1/70)
for identification of this property. In this case more thick plates should be used.



Table 6. Elastic properties of single layer.

PU10 PU11
Property 1 2 1 2

E1, GPa 38.89 38.29 38.20 37.22
E2, GPa 12.78 12.63 11.95 12.41
G12, GPa 5.06 5.11 4.77 4.75
G23, GPa 11.70 14.00 9.55 7.41
ν12 0.304 0.350 0.392 0.426

Table 7. Flexural frequencies fi (Hz) and residuals ∆i for plates PU10 and PU11.

PU10 PU11
Mode i Exp. FEM ∆i (%) Exp. FEM ∆i (%)

1 166 166.4 +0.24 159 158.5 -0.31
2 341 344.2 +0.94 332 332.1 +0.03
3 – 416.2 – – 407.3 –
4 484 486.1 +0.43 464 470.1 +1.31
5 542 545.9 +0.72 529 526.9 -0.40
6 902 895.6 -0.71 869 866.8 -0.25
7 971 967.5 -0.36 938 944.0 +0.64
8 1090 1087 -0.28 1050 1050 0
9 1155 1165 +0.87 1143 1134 -0.79
10 1273 1278 +0.39 1240 1247 +0.56
11 1523 1513 -0.66 1470 1469 -0.07
12 1643 1632 -0.67 – 1584 –
13 1898 1865 -1.74 1838 1814 -1.30
14 2003 2001 -0.10 1940 1950 +0.51
15 2290 2218 -3.14 2180 2155 -1.15
16 – 2275 – 2212 –
17 2418 2379 -1.61 2338 2314 -1.03
18 – 2414 – – 2355 –
19 2733 2724 -0.33 2665 2657 -0.30
20 – 3010 – – 2923 –
21 3108 3157 +1.58 3023 3074 +1.69
22 3223 3226 +0.22 3135 3141 +0.19
23 – 3315 – – 3230 –
24 3605 3617 +0.33 – 3522 –

Verification of the results was performed by the finite element method (FEM) and
through the independent experiments. For the finite element analysis the elastic constants



obtained by the identification procedure were used (see Table 6). Results are shown in
Table 7. Residuals were calculated by the expression

∆i =
fFEM

i (x∗)− f exp
i

f exp
i

× 100 (47)

It is seen that differences between the experimental and numerical frequencies calculated
by using elastic constants obtained by identification are very small. Mostly residuals do
not exceed 1%. Exception is for the mode 15 of the plate PU10 since in this case the
difference is 3.14%. Note that for the verification at all 19 (plate PU10) and 17 (PU11)
experimental frequencies are used but for the identification considerably smaller number
of frequencies were taken into account. Predicted frequencies (see Table 7) which were
not taken into account for identification also are in good agreement with the experimental
ones.

It is of interest to compare the elastic constants of the single layer of the cross-ply
glass/epoxy laminate with the properties obtained for the unidirectionally (UD) rein-
forced transversely isotropic plate made from the same material (Bledzki et al. (1999)).
Results are presented in Table 8. For the cross-ply laminate the mean values calculated
from four values of Table 6 are shown. Good agreement of the results for the constants
E1, E2 and G12 is observed. However, there is some difference for the Poisson’s ratio. It
can be explained since this property is less sensitive to frequencies as modulus of elas-
ticity, especially for the cross-ply laminate. Due to approximations an accuracy for the
Poisson’s ratio has been lost. Soares et al. (1993) has shown that good accuracy for the
Poisson’s ratio can be obtained employing in minimization the original (numerical) func-
tions instead of approximating functions. Below on example of identification of elastic
properties for carbon/epoxy plates it will be shown that using local approximations the
accuracy can be increased and also the Poisson’s ratio can be determined accurately.

Table 8. Comparison of results for cross-ply and unidirectional laminates.

Property Cross-ply plate UD plate

E1, GPa 38.15 38.81
E2, GPa 12.44 12.12
G12, GPa 4.92 5.09

ν12 0.368 0.255

Elastic constants for carbon/epoxy laminate For this material response surfaces
were built employing local approximations. To build the local approximations the exper-
imental MMSDLH type design with N = 101 sample points in five dimensions are used.
These sample points are distributed in the domain of interest, which is formed by lower
and upper limits of variables

xmin
i ≤ xi ≤ xmax

i (48)



The upper and lower limits for variables are selected employing the initial guess values
of elastic constants. These values can be taken from the properties of similar material
or from the static test of the present material. In the process of search the limits can be
moved, if, for example, the identified constants are beyond the limits, or if the accuracy
of search should be increased. In a sample points (j = 1, 2, , N) the equation (21) was
solved and eigenvalues λi(xj) were obtained. These eigenvalues are treated as functions
forming the original function through expressions (17) or (19). Approximations Φ̂(x) of
the original function (17) or (19) were obtained using the local approximation method
described above. In the functional (19) mainly the power m = 1 was used.

Experimentally measured frequencies, which are presented in Table 4, can be used
in identification in any combination. A cross validation for all sample points was per-
formed in order to achieve better approximation of the original function and to select the
most important (most sensitive to elastic constants) and reliable frequencies. In order to
improve the process of identification a user’s friendly software with a dialog has been de-
veloped. Results of identification for all seven plates are presented in Table 9. The average
values and standard deviations are calculated. Analyzing the values in the last column
(standard deviations in percents) it is seen that elastic modulus in the fiber direction
E1, the transverse modulus E2, the in-plane shear modulus G12 and the Poisson’s ratio
ν12 can be determined with a sufficient confidence. In the same time the transverse shear
modulus G23 cannot be statistically confident determined since the standard deviation
is too large. The reason is that there is small influence of this modulus to frequencies.
The sensitivity of this parameter is comparable with a systematic and statistical errors
of the experiment.

Table 9. Identified elastic constants of CFRP laminate

UD1 UD2 UD3 UD4 UD5 UD6 UD7 Average σ σ, %

E1 171.69 165.30 172.46 159.75 170.69 159.37 159.73 165.57 6.022 3.64
E2 10.40 10.05 10.95 11.08 11.21 11.194 9.282 10.672 0.400 3.75
G12 6.14 5.97 6.36 6.14 6.35 6.312 5.690 6.137 0.255 4.16
G23 8.73 10.60 5.32 11.94 9.98 9.096 8.983 9.235 2.061 22.3
ν12 0.328 0.329 0.339 0.347 0.329 0.357 0.322 0.3359 0.011 3.28

It is of interest to evaluate the accuracy of identification. Verification of the results
was performed calculating by FEM the original function in the point of optimum. In
Table 10 evaluation for the plate UD1 is given. The frequencies marked with a sign (*)
were used in identification. For this plate the best accuracy was obtained employing the
following combination of frequencies fi (i = 1, 2, 3, 4, 6, 7, 8, 13). Thus for this plate at all
8 frequencies were used for identification of 5 constants. The numerical values obtained
by FEM in the point of optimum have been compared with the experimental frequencies.



Residuals ∆1
i characterizing the differences between experimental and numerical (FEM)

frequencies were calculated by the expression

∆1
i =

f exp
i − fFEM

i (x∗)
f exp

i

100 (49)

It is seen that differences between experimental and numerical frequencies are very small.
The residuals do not exceed 1%, even for those frequencies, which were not used in
identification (frequencies i=5,15,16,17). However, since in general higher frequencies are
less sensitive to elastic constants that lower frequencies, in addition to residuals ∆1

i the
range of each frequency in the experiment design space should be compared. In the last
column of Table 10 the relative amplitude of frequencies ∆fi in the experiment design
space is presented. The relative amplitude is calculated by the expression

∆fi =
fmax

i − fmin
i

f exp
i

100 (50)

Here

fmax
i = max

xj
fi(xj), fmin

i = min
xj
fi(xj) (51)

In Table 10 it is seen that lower frequencies are more sensitive to the elastic constants.
However, the amplitude in the design space for the 8th and 13th frequency is also con-
siderable.

Table 10. Calculation of residuals for plate UD1

No. fFEM
i , Hz fexp

i , Hz ∆1
i , % ∆fi, %

1* 97.7 97 -0.72 11.15
2* 124.0 123.8 -0.16 6.94
3* 235.2 237.4 +0.93 9.39
4* 341.6 341 -0.18 6.89
5 454.6 458 +0.74 8.12
6* 503.5 502.6 -0.18 1.43
7* 540.5 541.2 +0.13 2.69
8* 651.7 653 +0.20 5.07
9 675.5 – – –
10 779.1 – – –
11 861.4 – – –
12 1112 – – –
13* 1170 1168 -0.17 7.96
14 1215 – – –
15 1380 1381 +0.07 1.52
16 1411 1413 +0.14 2.05
17 1507 1512 +0.33 3.04



It is of interest to explain how the frequencies used in identification were selected.
Note that in identification the functionals (17) or (19) were employed. In the first case
each frequency (eigenvalue) was approximated, but in the second case the approximation
was performed for the functional (19). For illustration in Table 11 selection of frequencies
for the plate UD7 is presented. Performing approximations for each frequency the value
of approximating function fappr

i is calculated and frequencies with smaller approximation
error were selected. Preference is given for the lowest frequencies. Selected frequencies
are marked with the (*) sign. In the point of optimum x* two additional residuals ∆2

i

and ∆3
i were calculated

∆2
i =

f exp
i − fFEM

i (x∗)
fFEM

i (x∗) 100 (52)

∆3
i =

fappr
i (x∗)− fFEM

i (x∗)
fFEM

i (x∗) 100 (53)

Residuals ∆2
i are used in the selection of frequencies for identification. Preference is given

for the lowest frequencies with smaller residuals ∆2
i . Note that residual ∆3

i characterizes
a difference between the original function obtained by FEM and approximating function
obtained by using experiment design and local approximations (41). It is seen that local
approximations are very accurate.

Table 11. Selection of frequencies for plate UD7.

No. fexp
i fappr

i (x∗) fFEM
i (x∗) ∆2

i , % ∆3
i , %

1 299.0* 299.06 299.1 -0.033 -0.013
2 377.5* 380.05 380.0 -0.658 0.013
3 720.5* 714.46 714.5 0.840 -0.006
4 1046* 1041.90 1042 0.384 -0.009
5 1388 1372.37 1372 1.166 0.027
6 1512* 1517.38 1517 -0.340 0.025
7 1630.5* 1626.36 1626 0.277 0.022
8 1959* 1954.09 1954 0.256 0.005
9 – – 2041 – –
10 – – 2337 – –
11 2569 2553.81 2554 0.587 0.007
12 3370 3335.06 3335 1.049 0.002
13 – – 3436 – –
14 – – 3612 – –
15 4032.5 4003.14 4003 0.737 0.003
16 4141 4089.04 4089 1.271 0.001
17 4386 4350.98 4351 0.804 -0.000
18 – – 4628 – –



Similarly residuals ∆1
i , ∆2

i and ∆3
i were calculated for all seven plates. Frequencies

obtained by the finite element solution (original function) with the identified elastic
constants (Table 9) for four plates are presented in Table 12. With the sign (*) are marked
the experimental frequencies used in identification. It is seen that even for the frequencies,
which were not used in identification, there is good agreement between numerical (FEM)
and experimental frequencies.

Table 12. Experimental (fexp
i ) and FEM (fFEM

i ) frequencies [Hz] and modes.

No. m, n UD1 UD2 UD3 UD4

fexp
i fFEM

i fexp
i fFEM

i fexp
i fFEM

i fexp
i fFEM

i

1 1, 1 97.0* 97.7 97.6* 97.8 98.2* 98.2 97.5* 97.7
2 2, 0 123.8* 124.0 123.4* 123.8 126.0* 125.7 125.0* 124.9
3 2, 1 237.4* 235.2 245.0 235.4 237.0* 237.0 236.0* 235.9
4 3, 0 341.0* 341.6 342.0* 341.1 345.6* 346.3 344.0* 344.2
5 3, 1 458.0 454.6 – 454.7 457.0 458.8 457.5 457.2
6 0, 2 502.6* 503.5 501.0* 501.8 498.0* 499.1 497.0* 497.8
7 1, 2 541.2* 540.5 538.0* 539.0 536.5* 536.8 537.5 535.5
8 2, 2 653.0* 651.7 653.0* 650.9 654.0 650.8 650.0* 649.0
9 4, 0 – 675.5 – 674.6 – 683.3 682.5 680.7
10 4, 1 – 779.1 – 779.1 780.0 786.9 784.0 784.9
11 3, 2 – 861.4 866.0* 861.2 863.0* 861.9 866.0 861.4
12 5, 0 – 1112 1124.5 1111 1125* 1126 1124.5 1122
13 4, 2 1168* 1170 – 1171 – 1174 – 1175
14 5, 1 – 1215 – 1215 1242 1227 – 1225
15 0, 3 1381 1380 – 1375 1368.5* 1368 1365.5 1364
16 1, 3 1413 1411 – 1406 1401.6* 1400 1402.5 1397
17 2, 3 1512 1507 – 1503 1506.5 1497 1504 1494
18 5, 2 – 1592 1589* 1594 – 1599 – 1604

In order to validate results obtained from the vibration tests through identification it
is necessary to compare elastic properties of the present carbon/epoxy laminate obtained
from an independent test. Conventional static test was selected as independent test. Static
tests were performed according to ASTM guidelines (results of RTU - Riga Technical
University and IAI - Israel Aircraft Industry) and DIN standards (results of DLR -
German Aerospace Center). Test results are presented in Table 13. In parentheses the
values obtained by the static compression test are given. In general good agreement of
the results is observed. However, it is open whether the transverse shear modulus G23

could be reliably determined from the present vibration test.
Elastic constants of the composite laminates can be reliable determined employing the

identification procedure based on the experiment design and response surface method.
For this Latin Hypercube (LHD) and minimal Mean Squared Distance (MSD) designs are
employed. Global polynomial as well as and local approximations can be used to built



Table 13. Comparison of elastic constants obtained from vibration and static tests.

Elastic constant Vibration test Static test

RTU IAI DLR

E1, GPa 165.6 176 (143) 165 (175) 192 (147)
E2, GPa 10.67 8.9 (9.6) 9.2 (11.8) 10.6 (9.7)
G12, GPa 6.14 5.2 5.4 6.1
G23, GPa 9.23 – – –
ν12 0.336 0.34 – 0.31 (0.34)
ν12 0.336 0.34 – 0.31 (0.34)

the response surfaces. It was shown that the in-plane elastic constants obtained from
vibration tests through identification are in good agreement with the values obtained by
conventional static tests.

1.11 Damage identification in laminates

Today there are strong needs and requirements for on-line damage (delamination) de-
tection and health monitoring techniques on composite structures. Currently available
non-destructive evaluation (NDE) methods are mostly non-model methods, i.e., either
visual or localized experimental methods, such as acoustic or ultrasonic methods, mag-
netic field methods, radiographs, eddy-current methods and thermal field methods (see,
e.g., Doebling et al. (1996)). Accessing these methods are time consuming and costly. Al-
most all of these techniques require that the vicinity of the damage is known in advance.
Subject to these limitations, these non-model (experimental) methods can provide only
local information and no indication of a structural strength at a system level.

Shortcomings of currently available NDE methods indicate a requirements of damage
inspection techniques that can give global information on the structure. This requirement
can led to the development of model-based numerical-experimental methods that examine
changes in vibration characteristics of the composite structure.

The model-based (MB) methods undertake analysis of structural models and are usu-
ally implemented by finite element analysis. Damage or delaminations is simulated by
modifying the models. Experimental data then be compared with the analytical data to
determine damage location and extent. The effectiveness of the MB techniques, however,
is dependent on the accuracy of the structural model and these methods may have diffi-
culties when applied to complex structures due to uncertainties in boundary conditions,
loading conditions, etc. The model-based methodologies can be classified in the following
categories (Zou et al. (2000)).

1. Modal analysis methods.
2. Frequency domain methods.
3. Time domain methods.
4. Impedance domain methods.



Modal analysis methods. This group of methods utilize the information from all
modal parameters (modal frequencies, mode shapes and modal damping ratio) or com-
binations of some of them to detect damage. The basic idea of these methods is that
modal parameters are functions of physical properties of the structure (mass, stiffness
and damping). Therefore, changes in physical properties due to damage will cause changes
in the modal properties. Usually, damage will decrease mass and stiffness and increase
damping ratio locally. Among the three structural properties, mass is less sensitive to
damage while damping is most sensitive to damage.

According to their different detection techniques, the modal analysis methods can be
divided into the following major categories (Zou et al. (2000)).

– Modal shape changes methods.
– Modal shape curvature methods.
– Sensitivity based update methods.
– Eigenstructure assignment methods.
– Optimal matrix update methods.
– Changes in measured stiffness matrix methods.
– Frequency response function methods.
– Combined modal parameters methods.

The majority of this group of methods uses the lower frequencies and can best describe
the global behavior of structure, however, e.g, the mode shape curvature methods are
promising in detection of localization of damage. Major advantage of these methods is
that the modal information is cheap to obtain and easy to extract.

Frequency domain methods. Damage may be detected using frequency response of
the structure. The damage produces a decrease in structural stiffness, which, in turn, pro-
duces decreases in natural frequencies (see, e.g., Satawu (1997)). The current frequency
domain methods are either using lower frequencies for providing global information or
using higher frequencies for providing local information of structures. None of these can
provide sufficient information for the detection of both small and large defects.

Time domain methods. Basically, all methods in this category are related because
they use time history. These methods could be independent of modal information al-
though they are usually combined with frequency domain methods. Damage is estimated
using time history and vibration responses of the structure.

Impedance domain methods. Damage is detected through measuring the changes of
impedance in the structure. The basis of this technique is that each part of the structure
contributes to the impedance of structure to some extent. Any variation in the structure
integrity will generally result in changes in the impedance, i.e., impedance will change
with changes of the stiffness. Impedance domain methods are particularly suitable for
detecting planar defects such as delaminations.

In general vibration model-based methods combined with modal analysis provide
global as well as local information on structural health condition and do not require



direct human accessibility to the structure. The methods are cost effective and easy
to operate, and has a potential for on-line damage detection with appropriate structural
modelling. However, there are large differences in laboratory experiments and response of
the real structures. Laboratory experiments are often conducted under tightly controlled
repeatable conditions to ensure that the changes are only due to the self-created damage.
Therefore, to develop practical and capable on-line damage detection method of real
structures a large amount of research should be performed.

Example of damage identification. Let us consider a glass-epoxy cross ply laminated
plate loaded with impact loading. After impact loading the plate is damaged. There
is damage and delamination area which should be identified in order to evaluate the
load carrying capacity of the damaged structure. Elastic constants of these plates before
damage were identified in section 1.10. Geometric dimensions of the plate PE08 are as
follows

a = 140.3 mm, b = 139.9 mm, h = 2.067 mm, ρ = 140.3 kg/mm3

In identification of elastic properties of this cross-ply plate having eight layers with the
layer stacking sequence [90/0/90/0]s at all 17 frequencies were taken into account. For
simplicity the laminated plate is assumed as orthotropic plate with homogeneous proper-
ties in the thickness direction. Note that in section 1.10 the cross-ply plate was assumed
be with the discrete layers and elastic properties were identified for a single layer. Here
the homogeneous orthotropic properties are identified. The values obtained are as follows

Ex = 21.15 GPa, Ey = 29.83 GPa, Gxy = 5.24 GPa,

Gxz = Gyz = 4.11 GPa, νxy = 0.191

Elastic modulus Ey of the undamaged plate is higher since the fiber direction of the outer
layers is in y direction (see Fig. 1).

Further the plate is loaded by 5 and 10 repeated impact loadings. The damaged plate
after 5 impacts is shown in Fig. 16. It is seen the damage and delaminations in the
impact zone. Again experimental frequencies of the damaged plate are measured. The
frequencies of undamaged and damaged plate (after 5 and 10 impacts) are presented in
Fig. 17. It is seen that for the damaged plate reduction of frequencies is about one to
five percents.

The damaged area is clearly seen in the center of the glass/epoxy plate. It is assumed
that the shape of damaged area is a square with dimensions 63.6 × 63.6 mm2. In the
damaged area the stiffness is reduced and elastic constants is lower. The scalar damage
parameters di can be introduced in order to take into account the reduction of stiffness

E∗
x = d1Ex, E

∗
y = d2Ey, G

∗
xy = d3Gxy (54)

The identification of damage parameters di is similar as identification of elastic constants.
For the plate after 5 impacts the following values have been identified

d1 = d2 = 0.65, d3 = 0.43, E∗
x = 13.80 GPa, E∗

y = 19.63 GPa, G∗
xy = 2.26 GPa



Figure 16. Damaged cross-ply laminated glass/epoxy plate after 5 impacts.
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Figure 17. Frequency reduction of damaged glass-epoxy cross-ply plate.

However, it should be noted that more accurate damage identification can be performed
taking into account also the mode shapes (mode curvatures), not only the frequencies.



x1

x2

Figure 18. Location of damage zone of plate.

In the example discussed above the shape, localization and dimensions of the damaged
zone was detected by optical inspection. In many cases such inspection is impossible to
perform. Then the shape, localization and dimensions of the damaged zone should be
identified employing the same numerical-experimental (model-based) methodology used
above.

Let us consider a numerical experiment in order to identify the size and location of a
damage zone of the composite plate (see Fig. 18). In this case there are two parameters
of identification: the location of the center of the damage zone x1 and the width of the
damage zone x2. The damage of the transversely isotropic plate is introduced by reducing
the stiffness of the damaged zone

E∗
1 = x3E1, E

∗
2 = x3E2, G

∗
12 = x3G12 (55)

In the numerical experiment it was assumed that x3 = 0.5 and the location of the
damaged zone in the rectangular orthotropic plate (a = b = 0.140 m, h=2 mm) is
given by xexp

1 = 0.591a and xexp
2 = 0.273a. The finite element mesh was taken 22 ×

22, i. e., the same as for the examples considered above (see Fig. 5). Employing these
parameters the finite element model of the damaged plate was created. Further the 10
lowest eigenfrequencies of the damaged plate were calculated by solving the eigenvalue
problem (21). These numerical frequencies were assumed as experimental frequencies of
the damaged plate. Then the Latin hypercube experiment design with 25 sample points
was used. The domain of interest was assumed as follows

0.5a ≤ x1 ≤ 0.7a, 0.15a ≤ x2 ≤ 0.35a

In this domain of interest location of 25 reference points was calculated by Eq. (27). In
these sample points the 10 first eigenfrequencies were calculated by the finite element



method. Employing these data the approximating functions were obtained for all 10
frequencies. These functions were used in the identification functional (10). Minimizing
this functional the folowing parameters were obtained

x∗1 = 0.589a, x∗2 = 0.274a

It is seen that through the identification procedure about the same values of location and
size of the damaged zone, which were introduced in the numerical experiment, have been
obtained. It should be noted that for both examples - identification of elastic constants
and location of the damage zone - the uniqueness of solution can be proved. Acctually,
in both cases the stiffness matrix K of the eigenvalue problem (21) is a linear function of
the parameters of identification x. In this case the eigenvalues (natural frequencies) are
convex functions of x. This statement was proved by Rikards et al. (2001). Therefore,
the functional (10) to be minimized is convex and the solution of identification examples
discussed here is unique.
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